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Motivation Maxwell in Kerr Myers–Perry geometry Maxwell in Myers–Perry Summary

Motivation

• Particles and fields provide insights into the nature of black holes

• Classical scattering and radiation
• radiation from infalling particles

• gravitational lenzing

• gravitational waves

• realistic pictures for the movie “Interstellar”

• Quantum fields
• detailed study of the Hawking radiation

• detection of the differences between the BH and its microstates

• robustness of Hawking’s argument based on EFT

• Many excitations have been studied in the past
• all fields in the static geometries: power of rotational symmetry

• scalar fields in all dimensions

• electromagnetic field and gravitons in 4D

• Goals of this work
• finding the most general solution for photons and higher forms in all D

• understanding the role of symmetries in the separation procedure

• Result: separation is controlled by eigenvectors of the Killing–Yano tensor
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Outline

• Motivation
• solving eom for various fields in stationary geometries

• understanding the role of symmetries

• Review of the known results
• Maxwell’s equations in Kerr geometry

• scalar field and Killing tensors in all D

• Killing–Yano tensors and their eigenvectors

• Separability of Maxwell’s equations in all dimensions
• new ansatz in 4D

• gauge field from eigenvectors of the KY tensor

• “master equation” and various polarizations

• Extension to higher forms

• Summary
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Electromagnetic field in the Kerr geometry

• Excitations the Schwarzschild geometry
• U(1)t × SO(3) symmetry ⇒ spherical harmonics for all fields

• system of ODEs for functions of r

• Scalar excitations of the Kerr geometry
• U(1)t × U(1)φ ⇒ system of PDEs for functions of (r , θ)

• hidden symmetry ⇒ full separation: Ψ = e imφ+iωtR(r)Θ(θ) Carter ’68

• Photons and gravitons: which components should separate?

• Electromagnetism in the Newman–Penrose formalism Newman-Penrose ’62

• define four null frames, (l , n,m, m̄)

• gauge field is encoded in three complex scalars

Fµν = 2
[
φ1(n[µlν] + m[µm̄ν]) + φ2l[µmν] + φ0m̄[µnν]

]
+ cc.

• first order PDEs for (φ0, φ1, φ2)

• Kerr geometry: separable 2-nd order PDEs for φ0 and ρ̄2φ2 Teukolsky ’72

• Problems with the known solution:
• the remaining eqn is not separable

• it is hard to recover the gauge potential

Starobinsky–Churilov ‘73, Teukolsky–Press ’74

Chandrasekhar ‘76

• construction is based on F and ?F ⇒ hard to extend to D > 4

• New ansatz may solve these problems and lead to extensions to D > 4

4 / 8
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lµ∂µ =
r2 + a2

∆
∂t + ∂r +

a

∆
∂φ, nµ∂µ =

r2 + a2

2Σ
∂t −

∆

2Σ
∂r +

a

2Σ
∂φ,

mµ∂µ =
1
√

2ρ

[
iasθ∂t + ∂θ +

i

sθ
∂φ

]
, ρ = r + iacθ, Σ = ρρ̄, ∆ = r2 + a2 − 2Mr .
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New ansatz in four dimensions
OL ’17

• Analysis of the explicit solution for Aµ
• original expressions are very complicated Chandrasekhar ‘83

• simplifications in the frame components

• up to overall factors, no θ in (lµ, nµ), no r in (mµ, m̄µ)

• New proposal for a separable ansatz
• Most general separable solution of Maxwell’s equations

• functions G± and F± are completely determined by integrability conditions

lµ±Aµ = ±
ia

r ± iµa
l̂±Ψ, mµ±Aµ = ∓

1

cθ ∓ µ
m̂±Ψ

• Maxwell’s equations ⇒ “master equations” for (S ,R):

Dθ

sθ

d

dθ

[
sθ

Dθ
∂θS

]
+

− 2Λ

Dθ
− (asθ)2

[
ω +

m

as2
θ

]2

+ Λ

S = 0

• electromagnetism and scalar field are covered

scalar : Dr = 1, Dθ = 1, ∀Λ;

photon : Dr = 1 +
r2

(µa)2
, Dθ = 1−

c2
θ

µ2
, Λ = −

1

µ

[
aω + m − aωµ2

]
• Can this construction be extended to D > 4 and other fields?
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Myers–Perry geometry

• Ellipsoidal coordinates and “canonical” frames

et = −

√
R2

FR(R −Mr)

[
∂t −

∑
k

ak
r 2 + a2

k

∂φk

]
, er =

√
R −Mr

FR
∂r ,

ei = −

√
Hi

di (r 2 + x2
i )

[
∂t −

∑
k

ak
a2
k − x2

i

∂φk

]
, exi =

√
Hi

di (r 2 + x2
i )
∂xi

• Separation of the wave equation

• ansatz for the wavefunction: Ψ = e iωt+i
∑

miφi Φ(r)
[∏

Xi (xi )
]

• equations for Φ and Xi :

d

dr

[
(R −Mr)

dΦ

dr

]
+

R2

R −Mr

[
ω −

∑
k

akmk

r2 + a2
k

]2

Φ = Pn−1(r2)Φ,

d

dxi

[
Hi

dXi

dxi

]
− Hi

[
ω −

∑
k

akmk

a2
k − x2

i

]2

Xi = −Pn−1(−x2
i )Xi

OL ‘17

• separation constants: coefficients of one polynomial Pn−1

• The ODEs should have counterparts for fields with higher spins
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Maxwell’s equations in the Myers–Perry geometry
OL ’17

• Ansatz for the gauge field

lµ±Aµ = ± 1

r ± iµ
l̂±Ψ, [m

(j)
± ]µAµ = ∓ i

xj ± µ
m̂

(j)
±Ψ ,

• Separation of variables and the “master equations”

Dj
d

dx

[
Hj

Dj
X ′j

]
+

{
2Λ

Dj
− HjW

2
j − Λ + Pn−2[−x2

j ]Dj

}
Xj = 0,

Dr
d

dr

[
∆

Dr
Φ̇

]
−
{

2Λ

Dr
− R2W 2

r

∆
− Λ + Pn−2[r 2]Dr

}
Φ = 0,

Ω = ω −
∑ miai

Λi
, Wj = ω −

∑ mkak
a2
k − x2

j

, Wr = ω −
∑ mkak

a2
k + r 2

.

• Equations cover scalar and photon

scalar : Dr = Dj = 1, ∀Λ;

vector :
Dj = 1− x2

j

µ2

Dr = 1 + r2

µ2

, Λ =
Ω

µ

∏
Λk , Λi = (a2

i − µ2).

• Summary: separable solutions for (D − 2) polarizations in all D
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∏
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Maxwell’s equations in the Myers–Perry geometry
OL ’17

• Ansatz for the gauge field

lµ±Aµ = ± 1

r ± iµ
l̂±Ψ, [m

(j)
± ]µAµ = ∓ i

xj ± µ
m̂

(j)
±Ψ ,

• Separation of variables and the “master equations”
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Summary and Extensions

• Motivation
• solving eom for various fields in stationary geometries

• understanding the role of symmetries

• Shortcomings of the standard 4D construction
• simple “master equation”, but it is hard to recover Aµ
• construction is based on self–duality ⇒ hard to extend to D > 4

• New results in 4D
• new separable ansatz: all polarizations are covered

• gauge field is recovered algebraically

• Maxwell’s equations in the Myers–Perry geometry
• ansatz based on eigenvectors of the KYT

• universal separable equations for a scalar and the “master field”

• all (D − 2) polarizations are recovered

• Work in progress
• extension to higher forms

• incorporation of gravitational waves

• All separations are controlled by symmetries and KYT
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