
The fuzzball paradigm

      Samir D. Mathur

The Ohio State University



 (1) The fuzzball construction (shows how the horizon can be removed
  in string theory states)

 (2) The small corrections theorem (proves one needs order unity 
  corrections at the horizon)

 (3) The conjecture of entropy-enhanced tunneling (gives an explanation
   for breakdown of the semiclassical horizon)

 (4) The conjecture of fuzzball complementarity (allows recovery of  
   approximate infall into black holes as a dual description) 

The role of causality (where does tunneling into fuzzballs take place?)
(many discussions with Martinec)

Picturing dynamics in superspace:  the space of all fuzzballs



The information paradox (Hawking 1975)
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What happens at the endpoint of evaporation?

(a) If the hole disappears completely, then the radiation is entangled 
with 'nothing':  no pure state describing radiation (Hawking 1975)
      This is a violation of quantum unitarity

(b) If a remnant remains, then the remnant must have unbounded 
degeneracy for given mass, exterior volume. 
     But in string theory, AdS/CFT rules out remnants

CFT with finitely many degrees 
of freedom 
in a finite volume

So CFT has finitely many states 
with energy less than E



If we had a ball instead of a vacuum region, there would be no problem ...

Buchdahl theorem:  Fluid sphere with pressure decreasing outwards
must collapse if 

R <
9

4
M

But it is very difficult to support a horizon sized ball against collapse ...

Vacuum region, since
'Black holes have no hair'



Remarkably, in string theory, the states of the black hole turn out to be 
horizon sized 'fuzzballs' ... (SDM 97, Lunin+SDM 01)

Avery, Balasubramanian, Bena, Carson, Chowdhury, de Boer, Gimon, Giusto, 
Hampton, Keski-Vakkuri, Levi, Lunin, Maldacena, Maoz, Martinec, Niehoff, Park, 
Peet, Potvin,  Puhm, Ross, Ruef, Saxena, Simon, Skenderis, Srivastava, Taylor, Turton, 
Vasilakis, Warner ...

String theory has a fixed brane content and interactions ....

Make a bound state of a large number of branes: 

No Yes



 Euclidean Schwarzschild plus time (‘neutral fuzzball’) 
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We can reduce on the direction     to again get scalar field in 3+1 
gravity.  Why does this shell of scalar field not collapse inwards ?
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Toy model: 



The stress tensor is the standard one for a scalar field

Tµ⌫ = �,µ�,⌫ � 1
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which turns out to be

Tµ
⌫ = diag{�⇢, pr, p✓, p�} = diag{�f, f,�f,�f}
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Pressure diverges at tip of cigar,
but 4+1 d solution is regular

Fuzzballs

Buchdahl analysis 
would call this a singularity



But many people still wished to have a smooth horizon.  In that case 
what would be the resolution of the information paradox? 

The conjecture of cumulative small corrections ...

Hawking computed the entanglement at leading order ...

10 + 01

But there could be small corrections to the state of each emitted pair, 
arising from subtle quantum gravity effects

+

10 + 01



leading order

leading order +
subleading effects

Number of emitted quanta is very large  ⇠ (M/mp)
2

Perhaps with all these corrections,
the entanglement goes down to zero …



At leading order, the emission of each pair leads to an increase in 
entanglement

Using the strong subadditivity of quantum entanglement entropy it can 
be shown that when we include the corrections,

Sent(N + 1) = Sent(N) + ln 2

Sent(N + 1) > Sent(N) + ln 2 � 2✏

(SDM 2009)

But in 2009 a theorem was proved that showed this idea was 
incorrect ... 

Thus to resolve the information paradox we need ORDER UNITY 
corrections at the horizon ... i.e., the horizon cannot be a normal
place like this room ...

(see also Avery 2011)



??

Shell collapses to make a black hole ...

How would we ever get a fuzzball ?

What makes the semiclassical approximation break down? 



Consider the amplitude for the shell to tunnel to a fuzzball state

Amplitude to tunnel is very small

But the number of states that one can tunnel 
to is very large !



For black holes the entropy is so large that

(SDM 09,  Kraus+SDM 15,  Bena, Mayerson, Puhm, Vernocke 15)

Ptunnel ⇠ |A|2 ⇥N ⇠ 1

Thus the collapse process is not described by semiclassical physics ...

We call this phenomenon  " Entropy-enhanced tunneling "



Causality

Classically, nothing can come out of the horizon, since nothing can travel 
faster than light

The same is true with Quantum field theory, since QFT also maintains 
causality

The same remains true in string theory, since string theory also maintains 
causality

Shell collapses to make a black hole



One might think that small, subtle quantum gravity effects
may violate causality and help solve the problem ...

But we have already seen that small corrections cannot resolve the 
entanglement problem, so we cannot use them
to make the evolution a unitary process: we need an order unity 
correction at the horizon. 

Sent(N + 1) > Sent(N) + ln 2 � 2✏



We can ask how the causality problem is avoided in the fuzzball 
paradigm …

(1) 
M M 0

r = 2M

Shell falls in at 
speed of light

Sees only normal
physics when far 

(2) M

r = 2M

r = 2(M +M 0)

When shell approaches 
horizon, it tunnels into 
fuzzballs …



We have seen that at this location a tunneling into fuzzballs  becomes 
possible …

But we can still ask:  What local property tells the infalling shell that it 
should start tunneling into fuzzballs at this location? 

M

r = 2M

r = 2(M +M 0)

Is there a picture of spacetime where low energy matter sees nothing special, 
but matter with energy more than a given threshold sees significantly altered 
physics ?



Toy model:  The             Matrix modelc = 1

The essential point is that spacetime is not just a manifold, but has an 
additional property that we can call the “depth” or “thickness”

wave does not 
notice depth of sea

wave is distorted by
touching bottom of sea

r

(SDM 2017)

(Das+Jevicki picture)



Conjecture:  The Rindler region outside the hole has a different set of 
quantum fluctuations from those in a patch of empty Minkowski 
space (‘pseudo-Rindler’)

Quantum fluctuations will 
be different near the surface of 
the fuzzball since there is a 
nontrivial structure there …

(a) What is the nature of these fluctuations?

(b) Why should they be important ?



(a) The fluctuations are the fluctuations to larger fuzzballs

M ! M +�M

Our energy is still      so this is a virtual excitations (vacuum 
fluctuation) 

M



(b) The reason these fluctuations are important is because they are 
‘entropy enhanced’ (there are a lot of fuzzballs with that larger mass)

Exp [Sbek(M +�M)] states



 Rindler space

 pseudo-Rindler space

(Quantum fluctuations are 
different from empty space)

At a location depending on the energy
of the quantum, there will be a tunneling
into fuzzballs …

This resolves the causality problem

(SDM 17)



(1) Shell far outside horizon, 
semiclassical collapse

(2) As shell approaches its 
horizon, there is a nucleation of 
Euclidean Schwarzschild ‘bubbles’
just outside the shell

A pictorial description of ‘entropy enhanced tunneling’



(3) The bubbles cost energy, which is 
drawn from the energy of the shell. 
The shell now has a lower energy, 
which corresponds to a horizon 
radius that is smaller. The shell thus 
moves inwards without forming a 
horizon

(4) As the shell reaches close
to its new horizon, more 
bubbles nucleate, and so on. 



(5) Instead of a black hole with horizon, we 
end up with a horizon sized structure 
which has no horizon or singularity



Fuzzball configurations 
with E . M +Ms

Fuzzball configurations 
with E > M +Ms

Superspace:  The space of all fuzzball configurations

A shell of mass       suspended near a hole of mass   Ms M

R < 2(M +Ms)



Fuzzball complementarity

=

⇡

Wavefunction spreading on superspace can be approximately 
mapped to infall in the classical geometry ....

superspace

traditional black hole
interior

=

(SDM + Plumberg 2011)



⇡

=

superspace

wavefunctional 
spreading in 
configuration 
space of
a gauge theory

infall into AdS

semiclassical infall



The approximation sign        is crucial: ⇡ E � T

Corrections of order

✓
T

E

◆ 1
D�2

(SDM and Turton 2012)

Quanta of energy              carry out information in Hawking 
radiation, so they cannot have any universal effective dynamics 

E ⇠ T

Approximate interior arises only for infalling quanta ...



Alternatives to the fuzzball paradigm keep an approximate vacuum
around the horizon ... but use some kind of nonlocality to resolve
the information paradox

But we have not seen any nonlocality or acausality in string theory ...

Horizon scale nonlocality 
(Giddings)
Wormholes between hole and its 
radiation (Maldacena-Susskind) 
Gauge states at infinity (Hawking-
Perry-Strominger)

Fuzzballs

No Yes

Nonlinear quantum
mechanics?



THANK YOU !!





What is a firewall ? 

A fuzzball is an explicit construction in string theory where the 
black hole is found to be replaced by planet like object

A firewall is NOT a construction in any theory

Instead, it is an argument:  

(Almeheiri, Marolf, Polchinsky, Sully 12)

IF we have a surface instead of a horizon,  THEN radiation from this 
surface will burn infalling objects before they reach the surface



t

The idea behind the firewall argument

Traditional hole: Low energy 
Hawking quantum materializes 
far from horizon

Hot surface: High energy quantum 
starts near surface, redshifts to low 
energy far away

infalling object
burnt?

AMPS tried to make this rigorous using the bit model of the
small corrections theorem



The flaw in the firewall argument (SDM + Turton 14)

GR:  The horizon expands before
matter falls in

AMPS  assume that the surface
does not respond before it is hit.

The surface of the ball must be outside the horizon at all times, else 
information cannot come out without violating causality



horizon

infalling 
matter

surface of
object (AMPS)

infalling matter
trapped inside 
horizon

surface of 
object
(causality)

high energy 
quanta 
(can burn)

lower energy
quanta
(do not burn)

Infalling matter with               does not burn (Guo, Hampton, SDM 17)E � T




