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Figure 1. An overview of potential GWB signals across the frequency spectrum. The light blue
curve shows the prediction for single-field slow-roll inflation with a canonical kinetic term, with tensor-
to-scalar ratio r0.002 = 0.1 [52]. The pink curve shows a GWB from Nambu–Goto cosmic strings, using
“model 2” of the loop network, with a dimensionless string tension of Gµ = 10�11 [53]. The brown curve
shows a GWB from inspiralling supermassive BBHs, with the amplitude and shaded region shown here
corresponding to the common noise process in the NANOGrav 12.5-year data set [54]. The two grey
curves show GWBs generated by first-order phase transitions at the electroweak scale (⇠200 GeV) and
the QCD scale (⇠200 MeV), respectively [55]. The yellow curve shows a GWB generated by stellar-mass
compact binaries, based on the mass distributions and local merger rates inferred by LVK detections [56].
The dashed curves show various observational constraints, as described further in Section 5 (this in-
cludes the PPTA constraint, which intersects the possible NANOGrav SMBBH signal); the dotted curve
shows the integrated constraint from measurements of Neff, which cannot be directly compared with the
frequency-dependent constraint curves but is shown here for indicative purposes.

which is imprinted in the measured strain. Note that this measurement includes non-negligible
selection effects, as qualitatively different backgrounds contribute from different redshift shells
and from different directions.

In this section, we review both astrophysical and cosmological GWBs, providing the
necessary background for the targeted searches discussed in Section 5. We also comment on
the observational properties of the signal which are essential to understand when building an
optimal search method. The various sources are also summarised in Figure 1, which includes
the sensitivity of several GW detection efforts for reference.

3.1. Astrophysical Backgrounds
Astrophysical GWBs are the collection of all GWs generated by astrophysical processes

which are individually unresolved by your GW detector. These can be either individual
subthreshold signals, or they can be so numerous that they add up incoherently and form a
continuous signal in the timestream.

Perhaps the most studied signal in the literature is a background sourced by a collection of
inspiralling and merging compact binary systems. These include black hole binaries, neutron
star binaries, white dwarf binaries, and systems counting a mixed pair of these objects. Black
hole binaries in particular are a vast category of sources, as the mass of each black hole in
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that the BCS ground state (named after John Bardeen, Leon Cooper and Robert Schrieffer, 
Nobel Prize, 1972) has spontaneously broken gauge symmetry. This means that, while the 
underlying Hamiltonian is invariant with respect to the choice of the electromagnetic gauge, the 
BCS ground state is not. This fact cast some doubts on the validity of the original explanation of 
the Meissner effect within the BCS theory, which, though well motivated on physical grounds, 
was not explicitly gauge invariant. Nambu finally put these doubts to rest, after earlier 
important contributions by Philip Anderson (Nobel Prize, 1977) [28] and others had fallen short 
of providing a fully rigorous theory. In the language of particle physics the breaking of a local 
gauge symmetry, when a normal metal becomes superconducting, gives rise to a finite mass for 
the photon field inside the superconductor. The conjugate length scale is nothing but the 
London penetration depth. This example from superconductivity showed that a gauge theory 
could give rise to small length scales if the local symmetry is spontaneously broken and hence to 
short range forces. Note though, that the theory in this case is non-relativistic since it has a 
Fermi surface. In his paper of 1960 Nambu [27] studied a quantum field theory for hypothetical 
fermions with chiral symmetry. This symmetry is global and not of the gauge type. He assumed 
that by giving a vacuum expectation value to a condensate of fields it is spontaneously broken, 
and he could then show that there is a bound state of the fermions, which he interpreted as the 
pion. This result follows from general principles without detailing the interactions. If the 
symmetry is exact, the pion must be massless. By giving the fermions a small mass the 
symmetry is slightly violated and the pion is given a small mass. Note that this development 
came four years before the quark hypothesis.  

Soon  after  Nambu’s  work, Jeffrey Goldstone [29] pointed out that an alternative way to break 
the symmetry spontaneously is to introduce a scalar field with the quantum numbers of the 
vacuum and to give it a vacuum expectation value. He studied some different cases but the most 
important one was that of a complex massive scalar field 𝜑 = ଵ

√ଶ
  (𝜑ଵ + 𝑖𝜑ଶ) with a Lagrangian 

density of the form 

𝐿 =   𝜕ఓ  𝜑ത  𝜕ఓ  𝜑 −  𝜇଴ଶ  𝜑ത  𝜑 −
𝜆଴
6
  (𝜑ത  𝜑)ଶ, 

where 𝜑ത  is the complex conjugate of 𝜑,  and the coupling constant 𝜆଴ is positive. This Lagrangian 
is invariant under a global rotation of the phase of the field φ, 𝜑   ⟶  𝑒௜ఈ  𝜑, ie. a U(1) symmetry 
as in QED, although not a local one. Suppose now that one chooses the square of the mass, 𝜇଴ଶ, to 
be a negative number. Then  the  potential  looks  like  a  “Mexican  hat”:  
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What do we know about 
the Higgs potential?

Figure 2: Higgs potential. Potential energy density V (�) associated with the Higgs field �, as
a function of the value of �. The red curve shows the potential within the Standard Model. The
Higgs field has a value corresponding to a minimum of the potential and the region highlighted
in black represents our current experimental knowledge of the potential. Alternative potentials
that di↵er substantially from the Standard Model away from that minimum (e.g. the blue curve)
would be equally consistent with current data.

Remarkably, interactions with the Higgs field also provided a consistent theoretical mechanism
for producing fermion masses: each fermion interacts with the Higgs field with a di↵erent strength
(or “coupling”), and the stronger the interaction, the larger the resulting mass for the particle.
Within the Standard Model the interaction is known as a “Yukawa” interaction [14]. Thus any
question about the origin of the masses of fermions reduces to a question about the origin of the
fermions’ interactions with the Higgs field.

Why is the Higgs field non-zero in the first place? According to the Standard Model there is
a potential energy density associated with the value of the Higgs field and the lowest potential
energy corresponds to a non-zero value of the Higgs field. The Standard Model potential has a form
dictated by internal consistency conditions. With some simplifications, labeling the magnitude of
the Higgs field as �, the potential has the form

V (�) / ��
2 +

1

2
�
4
. (1)

This is illustrated by the red line in Fig. 2. The minimum of the potential, i.e. the energetically
most favourable choice for �, lies at a value of � that is non-zero, � = 1. An important implication
of the Higgs field’s non-zero constant value is the impossibility to carry angular momentum, or
more technically having “spin 0”. A non-zero value for the spin would break at least one of the
well-tested space-time symmetries. Hence, the excitation of the Higgs field, the Higgs boson, must
be a spin-0 particle and is in fact the only known fundamental particle with this property.

One of the reasons for the central importance of the discovery of the Higgs boson was that it
finally made it possible to start testing the remarkable theoretical picture outlined above. It is
not possible to probe the interactions of a given particle with the Higgs field. However, one can
instead measure a particle’s interaction with the excitations of the Higgs field, i.e. with a Higgs
boson. If the Standard Model provides the correct picture for the generation of mass, the strength
of any particle’s interaction with the Higgs boson has to be directly related to that particle’s mass.

Aside from providing a powerful way of testing the Higgs mechanism, the interaction of the
Higgs boson with other particles is intriguing because it implies the existence of a “fifth force”,
mediated by the exchange of Higgs bosons. The fact that such a force is stronger for heavier
particles makes it qualitatively di↵erent from all other interactions in the Standard Model, whose
interaction strengths come in multiples of some basic unit of charge, like the electron charge for

3



What do we know about 
the Higgs potential?

Figure 2: Higgs potential. Potential energy density V (�) associated with the Higgs field �, as
a function of the value of �. The red curve shows the potential within the Standard Model. The
Higgs field has a value corresponding to a minimum of the potential and the region highlighted
in black represents our current experimental knowledge of the potential. Alternative potentials
that di↵er substantially from the Standard Model away from that minimum (e.g. the blue curve)
would be equally consistent with current data.

Remarkably, interactions with the Higgs field also provided a consistent theoretical mechanism
for producing fermion masses: each fermion interacts with the Higgs field with a di↵erent strength
(or “coupling”), and the stronger the interaction, the larger the resulting mass for the particle.
Within the Standard Model the interaction is known as a “Yukawa” interaction [14]. Thus any
question about the origin of the masses of fermions reduces to a question about the origin of the
fermions’ interactions with the Higgs field.

Why is the Higgs field non-zero in the first place? According to the Standard Model there is
a potential energy density associated with the value of the Higgs field and the lowest potential
energy corresponds to a non-zero value of the Higgs field. The Standard Model potential has a form
dictated by internal consistency conditions. With some simplifications, labeling the magnitude of
the Higgs field as �, the potential has the form

V (�) / ��
2 +

1

2
�
4
. (1)

This is illustrated by the red line in Fig. 2. The minimum of the potential, i.e. the energetically
most favourable choice for �, lies at a value of � that is non-zero, � = 1. An important implication
of the Higgs field’s non-zero constant value is the impossibility to carry angular momentum, or
more technically having “spin 0”. A non-zero value for the spin would break at least one of the
well-tested space-time symmetries. Hence, the excitation of the Higgs field, the Higgs boson, must
be a spin-0 particle and is in fact the only known fundamental particle with this property.

One of the reasons for the central importance of the discovery of the Higgs boson was that it
finally made it possible to start testing the remarkable theoretical picture outlined above. It is
not possible to probe the interactions of a given particle with the Higgs field. However, one can
instead measure a particle’s interaction with the excitations of the Higgs field, i.e. with a Higgs
boson. If the Standard Model provides the correct picture for the generation of mass, the strength
of any particle’s interaction with the Higgs boson has to be directly related to that particle’s mass.

Aside from providing a powerful way of testing the Higgs mechanism, the interaction of the
Higgs boson with other particles is intriguing because it implies the existence of a “fifth force”,
mediated by the exchange of Higgs bosons. The fact that such a force is stronger for heavier
particles makes it qualitatively di↵erent from all other interactions in the Standard Model, whose
interaction strengths come in multiples of some basic unit of charge, like the electron charge for

3

Figure 2: Higgs potential. Potential energy density V (�) associated with the Higgs field �, as
a function of the value of �. The red curve shows the potential within the Standard Model. The
Higgs field has a value corresponding to a minimum of the potential and the region highlighted
in black represents our current experimental knowledge of the potential. Alternative potentials
that di↵er substantially from the Standard Model away from that minimum (e.g. the blue curve)
would be equally consistent with current data.

Remarkably, interactions with the Higgs field also provided a consistent theoretical mechanism
for producing fermion masses: each fermion interacts with the Higgs field with a di↵erent strength
(or “coupling”), and the stronger the interaction, the larger the resulting mass for the particle.
Within the Standard Model the interaction is known as a “Yukawa” interaction [14]. Thus any
question about the origin of the masses of fermions reduces to a question about the origin of the
fermions’ interactions with the Higgs field.

Why is the Higgs field non-zero in the first place? According to the Standard Model there is
a potential energy density associated with the value of the Higgs field and the lowest potential
energy corresponds to a non-zero value of the Higgs field. The Standard Model potential has a form
dictated by internal consistency conditions. With some simplifications, labeling the magnitude of
the Higgs field as �, the potential has the form

V (�) / ��
2 +

1

2
�
4
. (1)

This is illustrated by the red line in Fig. 2. The minimum of the potential, i.e. the energetically
most favourable choice for �, lies at a value of � that is non-zero, � = 1. An important implication
of the Higgs field’s non-zero constant value is the impossibility to carry angular momentum, or
more technically having “spin 0”. A non-zero value for the spin would break at least one of the
well-tested space-time symmetries. Hence, the excitation of the Higgs field, the Higgs boson, must
be a spin-0 particle and is in fact the only known fundamental particle with this property.

One of the reasons for the central importance of the discovery of the Higgs boson was that it
finally made it possible to start testing the remarkable theoretical picture outlined above. It is
not possible to probe the interactions of a given particle with the Higgs field. However, one can
instead measure a particle’s interaction with the excitations of the Higgs field, i.e. with a Higgs
boson. If the Standard Model provides the correct picture for the generation of mass, the strength
of any particle’s interaction with the Higgs boson has to be directly related to that particle’s mass.

Aside from providing a powerful way of testing the Higgs mechanism, the interaction of the
Higgs boson with other particles is intriguing because it implies the existence of a “fifth force”,
mediated by the exchange of Higgs bosons. The fact that such a force is stronger for heavier
particles makes it qualitatively di↵erent from all other interactions in the Standard Model, whose
interaction strengths come in multiples of some basic unit of charge, like the electron charge for

3



7	

Electroweak Phase Transition. 
How does the background Higgs field move 
from zero in the early universe to its nonzero value today?
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How does Higgs evolve in the early universe?
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Figure 1. An overview of potential GWB signals across the frequency spectrum. The light blue
curve shows the prediction for single-field slow-roll inflation with a canonical kinetic term, with tensor-
to-scalar ratio r0.002 = 0.1 [52]. The pink curve shows a GWB from Nambu–Goto cosmic strings, using
“model 2” of the loop network, with a dimensionless string tension of Gµ = 10�11 [53]. The brown curve
shows a GWB from inspiralling supermassive BBHs, with the amplitude and shaded region shown here
corresponding to the common noise process in the NANOGrav 12.5-year data set [54]. The two grey
curves show GWBs generated by first-order phase transitions at the electroweak scale (⇠200 GeV) and
the QCD scale (⇠200 MeV), respectively [55]. The yellow curve shows a GWB generated by stellar-mass
compact binaries, based on the mass distributions and local merger rates inferred by LVK detections [56].
The dashed curves show various observational constraints, as described further in Section 5 (this in-
cludes the PPTA constraint, which intersects the possible NANOGrav SMBBH signal); the dotted curve
shows the integrated constraint from measurements of Neff, which cannot be directly compared with the
frequency-dependent constraint curves but is shown here for indicative purposes.

which is imprinted in the measured strain. Note that this measurement includes non-negligible
selection effects, as qualitatively different backgrounds contribute from different redshift shells
and from different directions.

In this section, we review both astrophysical and cosmological GWBs, providing the
necessary background for the targeted searches discussed in Section 5. We also comment on
the observational properties of the signal which are essential to understand when building an
optimal search method. The various sources are also summarised in Figure 1, which includes
the sensitivity of several GW detection efforts for reference.

3.1. Astrophysical Backgrounds
Astrophysical GWBs are the collection of all GWs generated by astrophysical processes

which are individually unresolved by your GW detector. These can be either individual
subthreshold signals, or they can be so numerous that they add up incoherently and form a
continuous signal in the timestream.

Perhaps the most studied signal in the literature is a background sourced by a collection of
inspiralling and merging compact binary systems. These include black hole binaries, neutron
star binaries, white dwarf binaries, and systems counting a mixed pair of these objects. Black
hole binaries in particular are a vast category of sources, as the mass of each black hole in
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Figure 2: Higgs potential. Potential energy density V (�) associated with the Higgs field �, as
a function of the value of �. The red curve shows the potential within the Standard Model. The
Higgs field has a value corresponding to a minimum of the potential and the region highlighted
in black represents our current experimental knowledge of the potential. Alternative potentials
that di↵er substantially from the Standard Model away from that minimum (e.g. the blue curve)
would be equally consistent with current data.

Remarkably, interactions with the Higgs field also provided a consistent theoretical mechanism
for producing fermion masses: each fermion interacts with the Higgs field with a di↵erent strength
(or “coupling”), and the stronger the interaction, the larger the resulting mass for the particle.
Within the Standard Model the interaction is known as a “Yukawa” interaction [14]. Thus any
question about the origin of the masses of fermions reduces to a question about the origin of the
fermions’ interactions with the Higgs field.

Why is the Higgs field non-zero in the first place? According to the Standard Model there is
a potential energy density associated with the value of the Higgs field and the lowest potential
energy corresponds to a non-zero value of the Higgs field. The Standard Model potential has a form
dictated by internal consistency conditions. With some simplifications, labeling the magnitude of
the Higgs field as �, the potential has the form

V (�) / ��
2 +

1

2
�
4
. (1)

This is illustrated by the red line in Fig. 2. The minimum of the potential, i.e. the energetically
most favourable choice for �, lies at a value of � that is non-zero, � = 1. An important implication
of the Higgs field’s non-zero constant value is the impossibility to carry angular momentum, or
more technically having “spin 0”. A non-zero value for the spin would break at least one of the
well-tested space-time symmetries. Hence, the excitation of the Higgs field, the Higgs boson, must
be a spin-0 particle and is in fact the only known fundamental particle with this property.

One of the reasons for the central importance of the discovery of the Higgs boson was that it
finally made it possible to start testing the remarkable theoretical picture outlined above. It is
not possible to probe the interactions of a given particle with the Higgs field. However, one can
instead measure a particle’s interaction with the excitations of the Higgs field, i.e. with a Higgs
boson. If the Standard Model provides the correct picture for the generation of mass, the strength
of any particle’s interaction with the Higgs boson has to be directly related to that particle’s mass.

Aside from providing a powerful way of testing the Higgs mechanism, the interaction of the
Higgs boson with other particles is intriguing because it implies the existence of a “fifth force”,
mediated by the exchange of Higgs bosons. The fact that such a force is stronger for heavier
particles makes it qualitatively di↵erent from all other interactions in the Standard Model, whose
interaction strengths come in multiples of some basic unit of charge, like the electron charge for
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Figure 2: Higgs potential. Potential energy density V (�) associated with the Higgs field �, as
a function of the value of �. The red curve shows the potential within the Standard Model. The
Higgs field has a value corresponding to a minimum of the potential and the region highlighted
in black represents our current experimental knowledge of the potential. Alternative potentials
that di↵er substantially from the Standard Model away from that minimum (e.g. the blue curve)
would be equally consistent with current data.

Remarkably, interactions with the Higgs field also provided a consistent theoretical mechanism
for producing fermion masses: each fermion interacts with the Higgs field with a di↵erent strength
(or “coupling”), and the stronger the interaction, the larger the resulting mass for the particle.
Within the Standard Model the interaction is known as a “Yukawa” interaction [14]. Thus any
question about the origin of the masses of fermions reduces to a question about the origin of the
fermions’ interactions with the Higgs field.

Why is the Higgs field non-zero in the first place? According to the Standard Model there is
a potential energy density associated with the value of the Higgs field and the lowest potential
energy corresponds to a non-zero value of the Higgs field. The Standard Model potential has a form
dictated by internal consistency conditions. With some simplifications, labeling the magnitude of
the Higgs field as �, the potential has the form
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This is illustrated by the red line in Fig. 2. The minimum of the potential, i.e. the energetically
most favourable choice for �, lies at a value of � that is non-zero, � = 1. An important implication
of the Higgs field’s non-zero constant value is the impossibility to carry angular momentum, or
more technically having “spin 0”. A non-zero value for the spin would break at least one of the
well-tested space-time symmetries. Hence, the excitation of the Higgs field, the Higgs boson, must
be a spin-0 particle and is in fact the only known fundamental particle with this property.

One of the reasons for the central importance of the discovery of the Higgs boson was that it
finally made it possible to start testing the remarkable theoretical picture outlined above. It is
not possible to probe the interactions of a given particle with the Higgs field. However, one can
instead measure a particle’s interaction with the excitations of the Higgs field, i.e. with a Higgs
boson. If the Standard Model provides the correct picture for the generation of mass, the strength
of any particle’s interaction with the Higgs boson has to be directly related to that particle’s mass.

Aside from providing a powerful way of testing the Higgs mechanism, the interaction of the
Higgs boson with other particles is intriguing because it implies the existence of a “fifth force”,
mediated by the exchange of Higgs bosons. The fact that such a force is stronger for heavier
particles makes it qualitatively di↵erent from all other interactions in the Standard Model, whose
interaction strengths come in multiples of some basic unit of charge, like the electron charge for

3

1. Self-coupling

H

H

H



A. Long  /  July 28, 2016  /  KITPC Workshop 

(+�&+!,!.!,!�+ '� �'-* 
�!���*�&, (*'('+�� 
��
�� �'&�!�-*�,!'&+)

Statement #1:  Parameter space with first order electroweak phase 
transition has large deviation in hZZ, which can be probed by CEPC 

�*�&�� = �!*+, '*��* ( �+� ,*�&+!,!'&, .(��)/�� > 0
�$-� = “+,*'&�$1” �!*+, '*��* ( �+� ,*�&+!,!'&, .(��)/�� > 1.3
�*��& = .�*1 +,*'&�$1 1��, �'-$� ��,��, ��+ �, ��
��

Fcc-ee/ILC250/

EW phase transition

Models with 1st order EWSB, large gravitational wave signal. 



A. Long  /  July 28, 2016  /  KITPC Workshop 

(+�&+!,!.!,!�+ '� �'-* 
�!���*�&, (*'('+�� 
��
�� �'&�!�-*�,!'&+)

Statement #1:  Parameter space with first order electroweak phase 
transition has large deviation in hZZ, which can be probed by CEPC 

�*�&�� = �!*+, '*��* ( �+� ,*�&+!,!'&, .(��)/�� > 0
�$-� = “+,*'&�$1” �!*+, '*��* ( �+� ,*�&+!,!'&, .(��)/�� > 1.3
�*��& = .�*1 +,*'&�$1 1��, �'-$� ��,��, ��+ �, ��
��

Fcc-ee/ILC250/

EW phase transition

Combine cosmic (gravitational wave) and terrestrial (Higgs coupling)

Nail the electroweak phase transition



A. Long  /  July 28, 2016  /  KITPC Workshop 

(+�&+!,!.!,!�+ '� �'-* 
�!���*�&, (*'('+�� 
��
�� �'&�!�-*�,!'&+)

Statement #1:  Parameter space with first order electroweak phase 
transition has large deviation in hZZ, which can be probed by CEPC 

�*�&�� = �!*+, '*��* ( �+� ,*�&+!,!'&, .(��)/�� > 0
�$-� = “+,*'&�$1” �!*+, '*��* ( �+� ,*�&+!,!'&, .(��)/�� > 1.3
�*��& = .�*1 +,*'&�$1 1��, �'-$� ��,��, ��+ �, ��
��

Fcc-ee/ILC250/

EW phase transition

HL-LHC

Combine cosmic (gravitational wave) and terrestrial (Higgs coupling)

Nail the electroweak phase transition



Would be a new milestone 

light

EW 
Phase transition

T ≈ 102 GeV

…..

Combine cosmic (gravitational wave) and terrestrial (Higgs coupling)

Nail the electroweak phase transition



2nd order phase transition

Cosmic strings



Cosmic string and 
gravitational wave

Long string Cutting, reconnection

Oscillating string loop



Cosmic string and 
gravitational wave

Long string Cutting, reconnection

Oscillating string loop

Repeat



Cosmic string and 
gravitational wave

Long string Cutting, reconnection

Oscillating string loop

Gravitational waves



Galaxies 2022, 10, 0 8 of 70

10�20 10�17 10�14 10�11 10�8 10�5 10�2 101 104

f/Hz

100

10�2

10�4

10�6

10�8

10�10

10�12

10�14

10�16

�
gw

(f
)

Planck

Ne�

PPTA

LISA

LVK O3

SMBBHs

Cosmic strings

FOPTs

Stellar-mass CBCs

Inflation

Figure 1. An overview of potential GWB signals across the frequency spectrum. The light blue
curve shows the prediction for single-field slow-roll inflation with a canonical kinetic term, with tensor-
to-scalar ratio r0.002 = 0.1 [52]. The pink curve shows a GWB from Nambu–Goto cosmic strings, using
“model 2” of the loop network, with a dimensionless string tension of Gµ = 10�11 [53]. The brown curve
shows a GWB from inspiralling supermassive BBHs, with the amplitude and shaded region shown here
corresponding to the common noise process in the NANOGrav 12.5-year data set [54]. The two grey
curves show GWBs generated by first-order phase transitions at the electroweak scale (⇠200 GeV) and
the QCD scale (⇠200 MeV), respectively [55]. The yellow curve shows a GWB generated by stellar-mass
compact binaries, based on the mass distributions and local merger rates inferred by LVK detections [56].
The dashed curves show various observational constraints, as described further in Section 5 (this in-
cludes the PPTA constraint, which intersects the possible NANOGrav SMBBH signal); the dotted curve
shows the integrated constraint from measurements of Neff, which cannot be directly compared with the
frequency-dependent constraint curves but is shown here for indicative purposes.

which is imprinted in the measured strain. Note that this measurement includes non-negligible
selection effects, as qualitatively different backgrounds contribute from different redshift shells
and from different directions.

In this section, we review both astrophysical and cosmological GWBs, providing the
necessary background for the targeted searches discussed in Section 5. We also comment on
the observational properties of the signal which are essential to understand when building an
optimal search method. The various sources are also summarised in Figure 1, which includes
the sensitivity of several GW detection efforts for reference.

3.1. Astrophysical Backgrounds
Astrophysical GWBs are the collection of all GWs generated by astrophysical processes

which are individually unresolved by your GW detector. These can be either individual
subthreshold signals, or they can be so numerous that they add up incoherently and form a
continuous signal in the timestream.

Perhaps the most studied signal in the literature is a background sourced by a collection of
inspiralling and merging compact binary systems. These include black hole binaries, neutron
star binaries, white dwarf binaries, and systems counting a mixed pair of these objects. Black
hole binaries in particular are a vast category of sources, as the mass of each black hole in

Review by Renzini et al, 2202.00178
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3. ANALYTICAL DESCRIPTION OF THE SPECTRUM

In this section we estimate the complete spectrum of scalar-induced gravitational waves analytically. To simplify
the analysis we neglect anisotropic stress and set Ψ = Φ. In section 4 we evaluate the exact spectrum numerically
including anisotropic stress and show that this gives only a small correction. With Ψ = Φ, the source term of the
equation of motion (18) can be expressed solely by the Bardeen potential Φ,

h′′
k + 2Hh′

k + k2hk = S(Φ(kη)) , (35)

and f(k, k̃, η) in equation (28) is expressed by a single transfer function Φ,

3(1 + w)

4
f(k, k̃, η) = 2(5 + 3w)Φ(|k − k̃|η)Φ(|k̃|η) + 4

(

2ηΦ(|k − k̃|η) + η2Φ′(|k − k̃|η)
)

Φ′(|k̃|η) . (36)

In Appendix B we show that the transfer function for first-order scalar modes can be written in the following form

Φ(kη) =

{

1
1+k2η2 η < ηeq

1
1+k2η2

eq
η > ηeq

(37)

ln(a)

Amplitude

ak

h   = 
(i)

h = h
(f )

aeq a*

   /kp
2

S  /k(f ) 2

h  = 0p

S

k

S  /k(i) 2

-1

FIG. 2: Evolution of scalar source and induced gravitational waves. Second-order tensors, h, are generated when the
mode k enters the horizon at ak. If horizon entry occurs during the radiation dominated era, then the scalar source decays as
a−γ until matter-radiation equality, aeq. During matter domination the scalar source terms remains at a constant value, S(f).
Gravitational waves redshift like a−1 as long as h > S

(f)/k2, but remain at a constant amplitude maintained by the constant
source term after that, a > a∗

k.

To study the generation of h induced by S we make the approximation that gravitational waves are produced
instantaneously when the relevant mode enters the horizon. The subsequent evolution of the tensor mode is scale-
dependent and determined by the time evolution of the scalar source term (see Figure 2). Scalar-induced gravitational
waves redshift as long as their magnitude is greater than S/k2. After that they freeze at a constant value maintained
by the constant source term during matter domination. We define the transfer function for scalar-induced gravitational
waves, t(k, η), as follows

hk(η) ≡ t(k, η)h(i)
k , (38)

where h(i)
k is the value of hk just after the instantaneous generation of gravitational waves after horizon entry (see

Figure 2). We estimate h(i)
k by dropping time derivatives in the equation of motion (35) (since kη > 1 after horizon

entry)

h(i)
k ∼ 1

k2
S(i) . (39)

Scalar perturbation 𝒮(k) GW

Baumann, Steinhardt, Takahashi, hep-th/0703290
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In terms of these polarization tensors, the projection tensor in (6) and (11) is

T̂ lm
ij Slm =

∫

d3k

(2π)3/2
eik·x

[

eij(k)elm(k) + ēij(k)ēlm(k)
]

Slm(k) , (16)

where

Slm(k) =

∫

d3x′

(2π)3/2
e−ik·x′

Slm(x′) . (17)

In Fourier space, the equation of motion for the gravitational wave amplitude h (for either polarization h or h̄) becomes

h′′
k + 2Hh′

k + k2hk = S(k, η) , (18)

where the source term, S, is a convolution of two first-order scalar perturbations at different wavenumbers,

S(k, η) = −4e
lm(k)Slm(k) (19)

= 4

∫

d3k̃

(2π)3/2
e
lm(k)k̃lk̃m

[

{

7 + 3w

3(1 + w)
− 2c2

s

w

}

Φ
k̃
(η)Φ

k−k̃
(η) +

(

1 − 2c2
sk̃

2

3wH2

)

Ψ
k̃
(η)Ψ

k−k̃
(η)

+
2c2

s

w

(

1 +
k̃2

3H2

)

Φ
k̃
(η)Ψ

k−k̃
(η) +

{

8

3(1 + w)
+

2c2
s

w

}

1

HΦ
k̃
(η)Ψ′

k−k̃
(η)

− 2c2
s

wHΨ
k̃
(η)Ψ′

k−k̃
(η) +

4

3(1 + w)H2
Ψ′

k̃
(η)Ψ′

k−k̃
(η)

]

. (20)

Equation (20) reduces to the expression in [12] in the limit Ψ → Φ, w → 1/3 and c2
s → 1/3. The limit Ψ → Φ, w → 0

and c2
s → 0 was discussed in [11].

2.2. Power Spectrum

The power spectrum of tensor metric perturbations, Ph(k, η), is defined as follows

〈hk(η)hK(η)〉 =
2π2

k3
δ(k + K)Ph(k, η) . (21)

We now derive an expression for the power spectrum of second-order gravitational waves by solving equation (18).
It is convenient to remove the Hubble damping term in (18) by defining ahk ≡ vk, where vk satisfies the following
equation of motion

v′′k +
(

k2 − a′′

a

)

vk = aS . (22)

The particular solution of (18) is then found by the Green’s function method

hk(η) =
1

a(η)

∫

dη̃ gk(η; η̃)
[

a(η̃)S(k, η̃)
]

, (23)

where

g′′k +
(

k2 − a′′

a

)

gk = δ(η − η̃) . (24)

Exact solutions to (24) for both matter and radiation domination are derived in Appendix A. Substituting the solution
(23) into the expression for the tensor power spectrum (21) we find

〈hk(η)hK(η)〉 =
1

a2(η)

∫ η

η0

dη̃2

∫ η

η0

dη̃1 a(η̃1)a(η̃2)gk(η; η̃1)gK(η; η̃2) 〈S(k, η̃1)S(K, η̃2)〉 . (25)

Modes enter horizon during RD, starts oscillate, and 
generates GW

11

Figure 4. (a) The kernel function from eq. (74). We note a
clear resonance contribution from t ' 0.7 corresponding to
u + v '

p
3. (b) The transfer function T�. (c) Function

f(p, q, ⌧) as in eq. (69). We see that for the scalar modes
that enter the horizon earlier, with p, q > k, this function is
more suppressed as expected from the behavior of the transfer
function.

With these expressions, we can obtain a physical un-
derstanding of GW generation via eq. (70). The Green
function, given in eq. (76), is an oscillatory function of
time whose frequency is k. The quantity f(p, q, ⌧) is
also an oscillatory and decaying function of time (see
fig. 4c), inheriting these properties from the transfer func-
tion (75). Therefore, the dominant contribution to the
integral (68) is a resonant contribution when the mo-
mentum of the produced GW is of the same order as the
momentum of the scalar modes, i.e., k ⇠ p ⇠ q. In par-
ticular, the resonant point is at u+v '

p
3 [54] as shown

in fig. 4a. GW generation is suppressed in other parts
of the phase space. For example, the source term, which
contains gradients of the curvature perturbation [53], is
suppressed by small derivatives if any of the wavenumbers
p, q of ⇣ is much smaller than k. On the other hand, if
p, q are much larger than k, then the scalar modes would
have decayed significantly after entering the horizon by
the time k ⇠ H, and thus the production of GW with
momentum k gets suppressed.

To obtain the final result for ⌦GW, we note that the
GW comoving wavenumber k is related to the present-
day, redshifted frequency f of the generated GW via

f = f⇤

✓
a⇤
a0

◆
=

k

2⇡
' 1.5 mHz

✓
k

1012 Mpc�1

◆
, (77)

where f⇤ and a⇤ are respectively the frequency and the
scale factor at the time of GW generation. Using these

expressions, we arrive at our final result, shown in Fig. 5,
for the same benchmark choices discussed in Fig. 3. We
see that stochastic e↵ects can naturally give rise to a large
enough SGWB, within the sensitivity range of DECIGO,
BBO, µ-Ares, and Ultimate DECIGO [60–62].

VI. CONCLUSION

In this work, we have discussed an early Universe sce-
nario containing a light spectator field, along with an in-
flaton field. The fluctuations of the inflaton are red-tilted
and explain the observed fluctuations in the CMB and
LSS. On the other hand, the spectator field � naturally
acquires a blue-tilted power spectrum. This blue-tilted
power spectrum is eventually cut-o↵ at very small scales
since when such small-scale modes enter the horizon, the
spectator field contributes subdominantly to the total en-
ergy density. As a consequence, primordial black holes
are not produced in this scenario. Overall, this mecha-
nism of generating a blue-tilted spectrum works for any
generic inflaton potential and does not require any par-
ticular fine-tuning or structure such as an inflection point
or a bump on the potential or an ultra slow-roll phase.

The blue-tilted spectrum gives rise to large curvature
perturbations at small scales. These, in turn, source a
stochastic gravitational wave background (SGWB) when
the perturbations re-enter the horizon. Focusing on some
benchmark choices for the number of e-foldings and spec-
tator field potential, we have shown that this scenario
predicts observable gravitational waves at future detec-
tors operating in 10�5 Hz to 10 Hz range, with strengths
⌦GWh

2 ' 10�20 � 10�15.
There are various interesting future directions. In par-

ticular, we have worked in a regime where � does not
dominate the energy density during the cosmological his-
tory. It would be interesting to explore the consequences
of an early matter-dominated era caused by the � field.
We have also seen that the low-frequency scaling of the
SGWB spectrum depends on the mass and coupling of
� and is generally di↵erent from the f

3-scaling expected
in the context of cosmological PT, or f

2/3-scaling ex-
pected in the context of binary mergers. This di↵erent
frequency dependence can be used to identify the origin
of an SGWB, and distinguish between various cosmolog-
ical or astrophysical contributions. Along these lines, it
would be interesting to carry out a quantitative anal-
ysis to understand how well we can separate any two
frequency dependencies, for example, by doing a Fisher
analysis.

NOTE ADDED

While we were finishing this work, the NANOGrav re-
sult combining 15-year data appeared [63]. Secondary
gravitational waves from the scalar perturbation can in
principle give rise to the signal [64]. Such scalar per-
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” theory. We consider the following theory as a concrete

example of the spectator field:

L =
1

2
(@�)

2 � 1

2
m

2
�
2 � �

4
�
4
. (2.23)

Results: eigenvalues and eigenfunctions + power spectrum

2.3 Cosmological History and Curvature Perturbation

In this subsection we discuss a cosmological scenario in which the curvature perturbation
on large scales is controlled by the inflaton field �. This perturbation is slightly red-tilted,
as required by CMB observations. On the other hand, the curvature perturbation on small
scales is controlled by a spectator field � which gives rise to a blue-tilted spectrum. This
blue-tilted spectrum originates from stochastic fluctuations of �, as we discuss now.

A brief history of the early Universe in our scenario is as follows. Background dynamics
is driven by the inflaton field during inflation and � behaves as a spectator field with subdom-
inant energy density. � acquires stochastic fluctuations during inflation and becomes frozen
with some root mean square equilibrium displacement away from the minimum. After the
end of inflation, inflaton reheats into radiation which dominates the energy density while �

keeps diluting as a cosmological constant. As the Hubble scale falls below the effective mass
of �, it starts oscillating around its potential. Eventually � decays into radiation, following
which the evolution of the Universe becomes standard.

As a concrete example let us consider the model considered in (2.23). At the end of
inflation, the spectator field gets localized to the minimum of its potential, h�ei = 0. However,
it has a non-zero field variance h�2

e i 6= 0. The subscript ‘e’ denotes end of inflation. Total
energy density carried by � at the end of inflation is then given by,

⇢�,e =
1

2
m

2h�2
e i+

�

4
h�4

e i '
1

2
m

2h�2
e i+

�

4
h�2

e i2, (2.24)

where we assume negligible non-Gaussianity in the second equality. [SK: I don’t think we
should make this assumption since we can do the full computation anyways.] Depending on
the relative size of the effective mass [SK: probably need an expression] compared to the
Hubble parameter, the energy density in � redshifts in different ways. In its early stages,
it behaves as a cosmological constant. Subsequently it dilutes as radiation, and finally as
pressure-less dust before decaying into SM radiation,

⇢�(t) =

8
><

>:

⇢�,e , me↵ . H

⇢�,e(a/a1)
�4

, me↵ & H and m .
p

�h�2i/2
⇢�,e(a2/a1)

�4
(a/a2)

�3
, me↵ & H and m &

p
�h�2i/2.

(2.25)

[SK: If we do not use the above and the below equations, may be we can remove them.]
The first transition happens when me↵ = H, i.e. m

2
+ 3�h�2

e i = H
2 which in a radiation

dominated universe implies

a1

ae
=

✓
H

2
e

m2 + 3�h�2
e i

◆1/4

'
✓

H
2
e

3�h�2
e i

◆1/4

(2.26)

For the second equality, we use the fact that self-interaction energy is dominant. The second
transition happens when m =

p
�h�2i/2. We have h�2i / a

�2 during the radiation phase to

– 5 –

with  m < H

The spectrum of its fluctuation can be studied by stochastic method
Starobinsky and Yokoyama, 1994; Markkanen, Rajantie, Stopyra, Tenkanen, 1904.11917
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Substituting eq. (2.39) gives

Pf (k) =
X

n

2

⇡
f2

n�

✓
2 � 2

⇤n

H

◆
sin

✓
⇤n⇡

H

◆✓
k

H

◆2⇤n/H

. (2.43)

At long distances, k ⌧ H, the power spectrum (2.43) is also dominated by the leading
term and has the power-law form,

Pf (k) ⇠
2

⇡
Af� [2 � (nf � 1)] sin

✓
⇡(nf � 1)

2

◆✓
k

H

◆
nf�1

⇡ Af (nf � 1)

✓
k

H

◆
nf�1

, (2.44)

where the constants Af and nf are the same as in eq. (2.40), and the last form is valid when
|nf � 1| ⌧ 1. In particular, this shows that nf is the spectral index, commonly defined as

ln Pf (k)

ln k
= nf � 1. (2.45)

3 Example: a massive self-interacting field

3.1 Eigenvalue equation

As an example of the formalism presented in the previous section we will discuss a potential
with quadratic and quartic contributions

V (�) =
1

2
m2�2 +

�

4
�4 , (3.1)

with the assumption m2 > 0. The analysis required for the double well potential, m2 < 0, is
significantly more complicated, which we will investigate in a separate publication [64].

For the potential in eq. (3.1) the eigenvalue equation (2.17) becomes

1

2

⇢
@2

@�2
�

✓
4⇡2

3H4

◆2�
m4�2+2�m2�4+�2�6

�
+

4⇡2

3H4

�
m2+3��2

��
 n(�) = �

4⇡2

H3
⇤n n(�) . (3.2)

It is convenient to introduce a scaled version of the above equation expressed with only
dimensionless parameters

⇢
@2

@x2
� U(↵; x)

�
 n(↵; x) = �8⇡2

⇤n(↵)

�1/2H
 n(↵; x), (3.3)

where

x ⌘
�1/4

H
�, ↵ ⌘

m2

p
�H2

, (3.4)

and

U(↵; x) =

✓
4⇡2

3

◆2

x2
�
↵+ x2

�2
�

4⇡2

3

�
↵+ 3x2

�
. (3.5)

In this form it is apparent that up to an overall scale, the eigenvalues ⇤n and the eigen-
functions  n depend only on one dimensionless parameter ↵. In the next subsection, we will
consider the limits of small and large ↵ using perturbation theory, and the case of an arbitary
↵ numerically. From now on throughout this section we will drop the explicit x dependence
from the eigenfunctions.
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Figure 1. Schematic of the mechanism. The comoving horizon
1/(aH) decreases during inflation and increases after that.
Any k-mode carries a fluctuation of order H/(2⇡) at the time
of mode exit. However, modes with larger k (red) exit the
horizon later and encounters less dilution compared to modes
with smaller k (blue), since t⇤ > t̃⇤. Consequently, modes
with larger k source stronger gravitational waves upon horizon
re-entry (shown via square box). We also depict the fact that
� carries an energy density / H

4 during inflation, and dilutes
as matter (for our benchmark choices) after inflation ends.

tually, � decays into Standard Model radiation, and its
isocurvature perturbations get imprinted onto the curva-
ture perturbation. Di↵erent from the curvaton paradigm,
in our scenario, � does not dominate the energy density of
the Universe, and also the fluctuations of the inflaton are
not negligible. In particular, on large scales, observed via
CMB and LSS, the fluctuations are red-tilted and sourced
by the inflaton, as in ⇤CDM cosmology. On the other
hand, the blue-tilted � fluctuations are subdominant on
those scales, while dominant at smaller scales . Mpc.
These enhanced perturbations can source an SGWB, ob-
servable in future gravitational wave detectors, as we de-
scribe below.

The rest of the work is organized as follows. In sec-
tion II, we describe the evolution of the inflaton field and
� along with some general properties of curvature per-
turbation in our framework. In section III, we compute
the stochastic contributions to � fluctuations to obtain
its power spectrum. We then use these results in sec-
tion IV to determine the full shape of the curvature power
spectrum, both on large and small scales. The small-
scale enhancement of the curvature power spectrum leads
to an observable SGWB and we evaluate the detection
prospects in section V in the context of µ-Hz to Hz-scale
gravitational wave detectors. We conclude in section VI.
We include some technical details relevant to the compu-
tation of SGWB in appendix A.

II. COSMOLOGICAL HISTORY AND
CURVATURE PERTURBATION

We now describe in detail the cosmological evolution
considered in this work. We assume that the inflaton field
� drives the expansion of the Universe during inflation
and the quantum fluctuations of � generate the density
fluctuations that we observe in the CMB and LSS, as
in standard cosmology. We also assume that there is a
second real scalar field � which behaves as a subdominant
spectator field during inflation, as alluded to above. We
parametrize its potential as,

V (�) =
1

2
m

2
�
2 +

1

4
��

4
. (1)

The � field does not drive inflation but nonetheless ob-
tains quantum fluctuations during inflation. In partic-
ular, � obtains stochastic fluctuations around the mini-
mum of its potential, as we compute in section III. After
the end of inflation, the inflaton is assumed to reheat
into radiation with energy density ⇢r, which dominates
the expansion of the Universe.

On the other hand, the evolution of the � field de-
pends on its mass m, interaction �, and its frozen (root
mean squared) displacement �0 during inflation. As long
as the ‘e↵ective’ mass of �: m

2 + 3��2

0
, is smaller than

the Hubble scale, � remains approximately frozen at �0.
However, after the Hubble scale falls below the e↵ective
mass, � starts oscillating around its potential. The evo-
lution of its energy density ⇢�, during this oscillatory
phase depends on the values of m and �. If the quartic
interactions dominate, with ��

2 � m
2, ⇢� dilutes like

radiation [29]. Eventually, the amplitude of � decreases
su�ciently, so that ��2 . m

2, following which ⇢� starts
redshifting like matter. We illustrate these behaviors in
Fig. 2.

Similar to the curvaton paradigm [25–28], during the
epoch ⇢� is diluting as matter, its fractional energy den-
sity, f�(t) ⌘ ⇢�(t)/⇢r(t), increases linearly with the scale
factor a(t). For our benchmark parameter choices, we
assume � to decay into SM radiation while f�(td) ⇠ 1,
where td denotes the time of � decay. After td, the evolu-
tion of the Universe coincides with standard cosmology.

With this cosmology in mind, we can track the evo-
lution of various cosmological perturbations using the
gauge invariant quantity ⇣, the curvature perturbation
on uniform-density hypersufaces [30],

⇣ = � � H
�⇢

⇢̇
. (2)

Here  is a fluctuation appearing in the spatial part of the
metric as, �gij = �2a

2
 �ij (ignoring vector and tensor

perturbations), �⇢ denotes a fluctuation around a homo-
geneous density ⇢, and an overdot denotes a derivative
with respect to physical time t. We assume that the de-
cay products of � do not interact with � during their
cosmological evolution. Since there is no energy transfer
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Figure 1. Schematic of the mechanism. The comoving horizon
1/(aH) decreases during inflation and increases after that.
Any k-mode carries a fluctuation of order H/(2⇡) at the time
of mode exit. However, modes with larger k (red) exit the
horizon later and encounters less dilution compared to modes
with smaller k (blue), since t⇤ > t̃⇤. Consequently, modes
with larger k source stronger gravitational waves upon horizon
re-entry (shown via square box). We also depict the fact that
� carries an energy density / H

4 during inflation, and dilutes
as matter (for our benchmark choices) after inflation ends.

tually, � decays into Standard Model radiation, and its
isocurvature perturbations get imprinted onto the curva-
ture perturbation. Di↵erent from the curvaton paradigm,
in our scenario, � does not dominate the energy density of
the Universe, and also the fluctuations of the inflaton are
not negligible. In particular, on large scales, observed via
CMB and LSS, the fluctuations are red-tilted and sourced
by the inflaton, as in ⇤CDM cosmology. On the other
hand, the blue-tilted � fluctuations are subdominant on
those scales, while dominant at smaller scales . Mpc.
These enhanced perturbations can source an SGWB, ob-
servable in future gravitational wave detectors, as we de-
scribe below.

The rest of the work is organized as follows. In sec-
tion II, we describe the evolution of the inflaton field and
� along with some general properties of curvature per-
turbation in our framework. In section III, we compute
the stochastic contributions to � fluctuations to obtain
its power spectrum. We then use these results in sec-
tion IV to determine the full shape of the curvature power
spectrum, both on large and small scales. The small-
scale enhancement of the curvature power spectrum leads
to an observable SGWB and we evaluate the detection
prospects in section V in the context of µ-Hz to Hz-scale
gravitational wave detectors. We conclude in section VI.
We include some technical details relevant to the compu-
tation of SGWB in appendix A.

II. COSMOLOGICAL HISTORY AND
CURVATURE PERTURBATION

We now describe in detail the cosmological evolution
considered in this work. We assume that the inflaton field
� drives the expansion of the Universe during inflation
and the quantum fluctuations of � generate the density
fluctuations that we observe in the CMB and LSS, as
in standard cosmology. We also assume that there is a
second real scalar field � which behaves as a subdominant
spectator field during inflation, as alluded to above. We
parametrize its potential as,
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4
. (1)

The � field does not drive inflation but nonetheless ob-
tains quantum fluctuations during inflation. In partic-
ular, � obtains stochastic fluctuations around the mini-
mum of its potential, as we compute in section III. After
the end of inflation, the inflaton is assumed to reheat
into radiation with energy density ⇢r, which dominates
the expansion of the Universe.

On the other hand, the evolution of the � field de-
pends on its mass m, interaction �, and its frozen (root
mean squared) displacement �0 during inflation. As long
as the ‘e↵ective’ mass of �: m
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the Hubble scale, � remains approximately frozen at �0.
However, after the Hubble scale falls below the e↵ective
mass, � starts oscillating around its potential. The evo-
lution of its energy density ⇢�, during this oscillatory
phase depends on the values of m and �. If the quartic
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2, ⇢� dilutes like

radiation [29]. Eventually, the amplitude of � decreases
su�ciently, so that ��2 . m

2, following which ⇢� starts
redshifting like matter. We illustrate these behaviors in
Fig. 2.

Similar to the curvaton paradigm [25–28], during the
epoch ⇢� is diluting as matter, its fractional energy den-
sity, f�(t) ⌘ ⇢�(t)/⇢r(t), increases linearly with the scale
factor a(t). For our benchmark parameter choices, we
assume � to decay into SM radiation while f�(td) ⇠ 1,
where td denotes the time of � decay. After td, the evolu-
tion of the Universe coincides with standard cosmology.

With this cosmology in mind, we can track the evo-
lution of various cosmological perturbations using the
gauge invariant quantity ⇣, the curvature perturbation
on uniform-density hypersufaces [30],
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cay products of � do not interact with � during their
cosmological evolution. Since there is no energy transfer
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Substituting eq. (2.39) gives

Pf (k) =
X

n

2

⇡
f2

n�

✓
2 � 2

⇤n

H

◆
sin

✓
⇤n⇡

H

◆✓
k

H

◆2⇤n/H

. (2.43)

At long distances, k ⌧ H, the power spectrum (2.43) is also dominated by the leading
term and has the power-law form,

Pf (k) ⇠
2

⇡
Af� [2 � (nf � 1)] sin

✓
⇡(nf � 1)

2

◆✓
k

H

◆
nf�1

⇡ Af (nf � 1)

✓
k

H

◆
nf�1

, (2.44)

where the constants Af and nf are the same as in eq. (2.40), and the last form is valid when
|nf � 1| ⌧ 1. In particular, this shows that nf is the spectral index, commonly defined as

ln Pf (k)

ln k
= nf � 1. (2.45)

3 Example: a massive self-interacting field

3.1 Eigenvalue equation

As an example of the formalism presented in the previous section we will discuss a potential
with quadratic and quartic contributions

V (�) =
1

2
m2�2 +

�

4
�4 , (3.1)

with the assumption m2 > 0. The analysis required for the double well potential, m2 < 0, is
significantly more complicated, which we will investigate in a separate publication [64].

For the potential in eq. (3.1) the eigenvalue equation (2.17) becomes
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H3
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It is convenient to introduce a scaled version of the above equation expressed with only
dimensionless parameters

⇢
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@x2
� U(↵; x)

�
 n(↵; x) = �8⇡2

⇤n(↵)

�1/2H
 n(↵; x), (3.3)

where
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�1/4

H
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m2

p
�H2

, (3.4)

and

U(↵; x) =
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4⇡2

3

◆2

x2
�
↵+ x2

�2
�

4⇡2

3

�
↵+ 3x2

�
. (3.5)

In this form it is apparent that up to an overall scale, the eigenvalues ⇤n and the eigen-
functions  n depend only on one dimensionless parameter ↵. In the next subsection, we will
consider the limits of small and large ↵ using perturbation theory, and the case of an arbitary
↵ numerically. From now on throughout this section we will drop the explicit x dependence
from the eigenfunctions.
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its power spectrum. We then use these results in sec-
tion IV to determine the full shape of the curvature power
spectrum, both on large and small scales. The small-
scale enhancement of the curvature power spectrum leads
to an observable SGWB and we evaluate the detection
prospects in section V in the context of µ-Hz to Hz-scale
gravitational wave detectors. We conclude in section VI.
We include some technical details relevant to the compu-
tation of SGWB in appendix A.

Clarifications on the notations. (1) Perturbed FRW

metric. Comment on hij vs
1

2
hij . (2) Fourier transform

convention. Comment on (2⇡)3 vs (2⇡)3/2 in the litera-
ture.

II. COSMOLOGICAL HISTORY AND
CURVATURE PERTURBATION

We now describe in detail the cosmological evolution
considered in this work. We assume that the inflaton
field � drives the expansion of the Universe during in-
flation and the quantum fluctuations of � generate the
density fluctuations that we observe in the CMB and
LSS, as in standard cosmology. We also assume that
there is a second field � which behaves as a subdominant
spectator field during inflation, as alluded to above. We
parametrize its potential as,

V (�) =
1

2
m

2
�
2 +

1

4
��

4
. (1)

The � field does not drive inflation but nonetheless ob-
tains quantum fluctuations during inflation. In partic-
ular, � obtains stochastic fluctuations around the mini-
mum of its potential, as we compute in section III. After
the end of inflation, the inflaton is assumed to reheat
into radiation with energy density ⇢r, which dominates
the expansion of the Universe.

On the other hand, the evolution of the � field de-
pends on its mass m, interaction �, and its frozen (root
mean squared) displacement �0 during inflation. As long
as the ‘e↵ective’ mass of �: m

2 + 3��2

0
, is smaller than

the Hubble scale, � remains approximately frozen at �0.
However, after the Hubble scale falls below the e↵ective
mass, � starts oscillating around its potential. The evo-
lution of its energy density ⇢�, during this oscillatory
phase depends on the values of m and �. If the quar-
tic interactions dominate, with ��

2 � m
2, ⇢� dilutes

like radiation [15]. Eventually, the amplitude of � de-
creases su�ciently, so that ��2 . m

2, following which
⇢� starts redshifting like matter. We illustrate these be-
haviors in fig. 1.

Similar to the curvaton paradigm [11–14], during the
epoch ⇢� is diluting as matter, its fractional energy den-
sity, f�(t) ⌘ ⇢�(t)/⇢r(t), increases linearly with the scale
factor a(t). For our benchmark parameter choices, we
assume � to decay into SM radiation while f�(td) ⇠ 1,
where td denotes the time of � decay. After td, the evolu-
tion of the Universe coincides with standard cosmology.
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Figure 1. Time evolution of scalar field energy density ⇢�(t).
In scenarios where the quartic term dominates the initial evo-
lution (dashed red), the field dilutes as radiation (dot-dashed
olive), ⇢�(t) / 1/a(t)4. Eventually, the mass term becomes
important, and the behavior becomes ⇢�(t) / 1/a(t)3. The
benchmark choices in this work will mimic the blue curve
where the evolution of ⇢�(t) is always dominated by the mass
term with a matter-like dilution.

With this cosmology in mind, we can track the evo-
lution of various cosmological perturbations using the
gauge invariant quantity ⇣, the curvature perturbation
on uniform-density hypersufaces [16],

⇣ = � � H
�⇢

⇢̇
. (2)

Here  is a fluctuation appearing in the spatial part of the
metric as, �gij = �2a2 �ij (ignoring vector and tensor
perturbations), �⇢ denotes a fluctuation around a homo-
geneous density ⇢, and an overdot denotes a derivative
with respect to physical time t. We assume that the de-
cay products of � do not interact with � during their
cosmological evolution. Then there is no energy transfer
between the two sectors and their energy densities evolve
as,

⇢̇r = �4H⇢r , ⇢̇� = �3H⇢�, (3)

where we have focused on the epoch where � dilutes like
matter. For the benchmark parameter choices discussed
below, the matter-like dilution for � onsets soon after
inflation. Similar to eq. (2), we can parametrize gauge
invariant fluctuations in radiation and � with the vari-
ables,

⇣r = � +
1

4

�⇢r

⇢r
, ⇣� = � +

1

3

�⇢�

⇢�
. (4)

In terms of the above variables, we can express eq. (2)
as,

⇣ =
4

4 + 3f�
⇣r +

3f�
4 + 3f�

⇣� = ⇣r +
f�

4 + 3f�
S�. (5)

Here S� ⌘ 3(⇣� � ⇣r) is the isocurvature perturbation
between radiation and � perturbations. In the absence
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its power spectrum. We then use these results in sec-
tion IV to determine the full shape of the curvature power
spectrum, both on large and small scales. The small-
scale enhancement of the curvature power spectrum leads
to an observable SGWB and we evaluate the detection
prospects in section V in the context of µ-Hz to Hz-scale
gravitational wave detectors. We conclude in section VI.
We include some technical details relevant to the compu-
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With this cosmology in mind, we can track the evo-
lution of various cosmological perturbations using the
gauge invariant quantity ⇣, the curvature perturbation
on uniform-density hypersufaces [16],

⇣ = � � H
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. (2)

Here  is a fluctuation appearing in the spatial part of the
metric as, �gij = �2a2 �ij (ignoring vector and tensor
perturbations), �⇢ denotes a fluctuation around a homo-
geneous density ⇢, and an overdot denotes a derivative
with respect to physical time t. We assume that the de-
cay products of � do not interact with � during their
cosmological evolution. Then there is no energy transfer
between the two sectors and their energy densities evolve
as,

⇢̇r = �4H⇢r , ⇢̇� = �3H⇢�, (3)

where we have focused on the epoch where � dilutes like
matter. For the benchmark parameter choices discussed
below, the matter-like dilution for � onsets soon after
inflation. Similar to eq. (2), we can parametrize gauge
invariant fluctuations in radiation and � with the vari-
ables,
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as,

⇣ =
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Here S� ⌘ 3(⇣� � ⇣r) is the isocurvature perturbation
between radiation and � perturbations. In the absence
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upper bound [1], ⇢end ' Vk/100, motivated by simple
slow-roll inflation models, and w ⇡ 0 [23–25].2 Then
depending on the reheating temperature, we get

N(k) =

(
62, TRH = 6 ⇥ 1015 GeV,

59, TRH = 1011 GeV.
(55)

For the first benchmark, we have assumed an instan-
taneous reheating after inflation, while for the second
benchmark, the reheating process takes place for an
extended period of time. For these two benchmarks,
kend ⇡ 4 ⇥ 1023 Mpc�1 and 1022 Mpc�1, respectively.

To determine �2

⇣
(k), we also need to evaluate f� as a

function of time. We can express the time dependence of
f� in terms of k in the following way. A given k-mode
re-enters the horizon when k = akHk, and assuming ra-
diation domination, we get k/kend = aend/ak. Since f�

increases with the scale factor before � decay, we can ex-
press f�(t) = f�(td)(kd/k), for t < td, where kd and k

are the modes that re-enter the horizon at time td and
t, respectively. Therefore, the final expression for the
curvature power spectrum at the time of mode re-entry
follows from eq. (7),

�2

⇣
(k) =

8
><

>:

�2

⇣r
(k) +

⇣
f�(td)

4+3f�(td)

⌘2

�2

S�
(k), k < kd,

�2

⇣r
(k) +

⇣
f�(td)(kd/k)

4+3f�(td)(kd/k)

⌘2

�2

S�
(k), k > kd.

(56)

To determine the scale kd, we consider the benchmarks
discussed above, along with some additional choices for
other parameters.

a. Benchmark 1. We focus on the first benchmark
in eq. (55). For m

2 = 0.2H2 and � ' 0.05 � 0.1, we get
hV (�)i ⇡ 0.02H4 from eq. (41), implying hV (�)i/Vk ⇡
3⇥10�12 for H = 5⇥1013 GeV. Assuming instantaneous
reheating, and ⇢end ' Vk/100, we see f� ' 1 for a '
(1/3) ⇥ 1010aend. As benchmarks, we assume � decays
when f� = 1 and 1/3. Using kend ⇡ 4 ⇥ 1023 Mpc�1,
we can then evaluate kd ⇡ 1014 Mpc�1 and kd ⇡ 3 ⇥
1014 Mpc�1, respectively. The result for the curvature
power spectrum with these choices is shown in fig. 2.

b. Benchmark 2. We now discuss the second bench-
mark in eq. (55). We again choose m

2 = 0.2H2 and
� ' 0.05 � 0.1, for which we get hV (�)i ⇡ 0.02H4

from eq. (41). This implies hV (�)i/Vk ⇡ 3 ⇥ 10�12 for
H = 5⇥1013 GeV, as before. The rest of the parameters
can be derived in an analogous way, with one di↵erence.
During the reheating epoch, with our assumption w ⇡ 0,
f� does not grow with the scale factor since the dominant
energy density of the Universe is also diluting as mat-
ter. Accounting for this gives kd ⇡ 8 ⇥ 1011 Mpc�1 and
kd ⇡ 3 ⇥ 1012 Mpc�1, for f� = 1 and 1/3, respectively,
with the resulting curvature power spectrum shown in
fig. 3.

2
The precise value of w is model dependent, see, e.g., [26–30]

and [31] for a review.
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Figure 2. The power spectrum of curvature perturbations for
benchmark 1 with various choices for the quartic coupling �

and decay constant f�. We label the momentum kd at which
the spectrum reaches its peak. We can see that the amplitude
of this peak increases with decreasing � and/or increasing f�.
Signals for all choices may be accessible to super-PIXIE, with
maximum signals possibly reaching PTAs.
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Figure 3. The power spectrum of curvature perturbations
for benchmark 2 with the same choices of � and f� as fig. 2.
Crucially, this benchmark lowers the number of e-folds during
inflation in comparison to benchmark 1, and results in signals
with decreased amplitude that are shifted toward lower k,
increasing their visibility to near-future detectors. In partic-
ular, a power spectrum with � ⇡ 0.05 and f� = 1 may be
accessible to PIXIE.

decay
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Figure 1. Schematic of the mechanism. The comoving horizon
1/(aH) decreases during inflation and increases after that.
Any k-mode carries a fluctuation of order H/(2⇡) at the time
of mode exit. However, modes with larger k (red) exit the
horizon later and encounters less dilution compared to modes
with smaller k (blue), since t⇤ > t̃⇤. Consequently, modes
with larger k source stronger gravitational waves upon horizon
re-entry (shown via square box). We also depict the fact that
� carries an energy density / H

4 during inflation, and dilutes
as matter (for our benchmark choices) after inflation ends.

tually, � decays into Standard Model radiation, and its
isocurvature perturbations get imprinted onto the curva-
ture perturbation. Di↵erent from the curvaton paradigm,
in our scenario, � does not dominate the energy density of
the Universe, and also the fluctuations of the inflaton are
not negligible. In particular, on large scales, observed via
CMB and LSS, the fluctuations are red-tilted and sourced
by the inflaton, as in ⇤CDM cosmology. On the other
hand, the blue-tilted � fluctuations are subdominant on
those scales, while dominant at smaller scales . Mpc.
These enhanced perturbations can source an SGWB, ob-
servable in future gravitational wave detectors, as we de-
scribe below.

The rest of the work is organized as follows. In sec-
tion II, we describe the evolution of the inflaton field and
� along with some general properties of curvature per-
turbation in our framework. In section III, we compute
the stochastic contributions to � fluctuations to obtain
its power spectrum. We then use these results in sec-
tion IV to determine the full shape of the curvature power
spectrum, both on large and small scales. The small-
scale enhancement of the curvature power spectrum leads
to an observable SGWB and we evaluate the detection
prospects in section V in the context of µ-Hz to Hz-scale
gravitational wave detectors. We conclude in section VI.
We include some technical details relevant to the compu-
tation of SGWB in appendix A.

II. COSMOLOGICAL HISTORY AND
CURVATURE PERTURBATION

We now describe in detail the cosmological evolution
considered in this work. We assume that the inflaton field
� drives the expansion of the Universe during inflation
and the quantum fluctuations of � generate the density
fluctuations that we observe in the CMB and LSS, as
in standard cosmology. We also assume that there is a
second real scalar field � which behaves as a subdominant
spectator field during inflation, as alluded to above. We
parametrize its potential as,

V (�) =
1

2
m

2
�
2 +

1

4
��

4
. (1)

The � field does not drive inflation but nonetheless ob-
tains quantum fluctuations during inflation. In partic-
ular, � obtains stochastic fluctuations around the mini-
mum of its potential, as we compute in section III. After
the end of inflation, the inflaton is assumed to reheat
into radiation with energy density ⇢r, which dominates
the expansion of the Universe.

On the other hand, the evolution of the � field de-
pends on its mass m, interaction �, and its frozen (root
mean squared) displacement �0 during inflation. As long
as the ‘e↵ective’ mass of �: m

2 + 3��2

0
, is smaller than

the Hubble scale, � remains approximately frozen at �0.
However, after the Hubble scale falls below the e↵ective
mass, � starts oscillating around its potential. The evo-
lution of its energy density ⇢�, during this oscillatory
phase depends on the values of m and �. If the quartic
interactions dominate, with ��

2 � m
2, ⇢� dilutes like

radiation [29]. Eventually, the amplitude of � decreases
su�ciently, so that ��2 . m

2, following which ⇢� starts
redshifting like matter. We illustrate these behaviors in
Fig. 2.

Similar to the curvaton paradigm [25–28], during the
epoch ⇢� is diluting as matter, its fractional energy den-
sity, f�(t) ⌘ ⇢�(t)/⇢r(t), increases linearly with the scale
factor a(t). For our benchmark parameter choices, we
assume � to decay into SM radiation while f�(td) ⇠ 1,
where td denotes the time of � decay. After td, the evolu-
tion of the Universe coincides with standard cosmology.

With this cosmology in mind, we can track the evo-
lution of various cosmological perturbations using the
gauge invariant quantity ⇣, the curvature perturbation
on uniform-density hypersufaces [30],

⇣ = � � H
�⇢

⇢̇
. (2)

Here  is a fluctuation appearing in the spatial part of the
metric as, �gij = �2a

2
 �ij (ignoring vector and tensor

perturbations), �⇢ denotes a fluctuation around a homo-
geneous density ⇢, and an overdot denotes a derivative
with respect to physical time t. We assume that the de-
cay products of � do not interact with � during their
cosmological evolution. Since there is no energy transfer
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Figure 3. Power Spectrum of Curvature Perturbation.

inflationary models. Then setting k = a0H0, and H = 5 ⇥ 1013 GeV, consistent with the current

upper bound, we get N(k) ⇡ 62 and kend ⇡ 1023 Mpc�1.

The energy density in � during inflation is given via eq. (40). For m
2 = 0.2H

2 and � =

0.05, we get hV (�)i ⇡ 0.02H
4, implying hV (�)i/V⇤ ⇡ 3 ⇥ 10�12. Now a given k-mode reenters

the horizon when k = aentHent, assuming radiation domination instantly after inflation, we get

k/kend = aend/aent. Choosing k = 1014 Mpc�1 and ⇢end = V⇤/100, we see

f� =
hV (�)i

⇢end
⇥

aent

aend
⇡

1

3
. (53)

The result is shown in Fig. ??.

V. GRAVITATIONAL WAVE SIGNATURE

A. Secondary Gravitational Waves from Scalar Curvature Perturbation

We now review how large primordial curvature perturbations can source GW at the second

order in cosmological perturbation theory. We then evaluate the GW spectrum sourced by P⇣

computed in section IV. We start our discussion with a brief review of the essential relations and

expand the discussion further in appendix A.

We write the GW fluctuations in Fourier space as,

hij(⌧,x) =
X

�=+,⇥

Z
d3

k

(2⇡)3
e
ik·x

✏
�

ij(k)h�(⌧,k) , (54)

12

10�8 10�6 10�4 10�2 100 102

f [Hz]

10�22

10�20

10�18

10�16

10�14

10�12

10�10

�
G

W
,0
(k

)h
2

U
lt
im

at
e

D
E
C

IG
O

D
E
C
IG

O

B
B
O

L
ISA

µ-A
res

Ne�fold = 62, m2/H2 = 0.2

f� = 1

f� = 1/3

� = 0.05

� = 0.07

� = 0.1

Figure 5. Gravitational wave spectrum for the benchmarks discussed in Fig. 3. We notice that the number of e-folds after
CMB-observable modes exited the horizon determines the peak frequency of the spectrum, and correspondingly, di↵erent
detectors can be sensitive to the signal. Although a similarly peaked spectrum would appear in the context of cosmological
phase transitions (PT), the low-frequency tail of this GW spectrum is di↵erent from the usual f

3 tail. While in the context
of PT the f

3 scaling originates due to causality and superhorizon behavior of fluctuations, in our scenario, the f -scaling is
determined by � mass. The di↵ering frequency dependence can then be used to discriminate between the two classes of signals.

turbations could be generated in a model similar to the
one considered in this paper. However, the frequency de-
pendence of ⌦GWh

2 determined by the NANOGrav re-
sult is [63] 1.8 ± 0.6. We note that for a free field with
mass m, the frequency dependence of ⌦GWh

2 is given by,
4m

2
/(3H

2). So for the central value, one would naively
infer m

2
/H

2 = 1.4. Therefore to interpret it in terms
of a free field, we require a mass bigger than the Hub-
ble scale. However, since for larger than Hubble-scale
masses, the stochastic e↵ects are not e�cient, one may
have to go beyond the stochastic scenario to explain the
NANOGrav observations. We could instead consider a
regime in which the misalignment contribution is impor-
tant [13, 14]. We will leave a detailed analysis of this
scenario to future work.
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Appendix A: Scalar-induced gravitational waves:
technical details

1. Transfer functions

The equation of motion for the scalar perturbation �
in the absence of isocurvature perturbations is,

�00(⌧,k) + 3(1 + c
2

s
)H�0(⌧,k) + c

2

s
k
2�(⌧,k) = 0 , (A1)

where c
2

s
' w is the sound speed of the fluid. Defin-

ing dimensionless parameter y =
p

wk⌧ , we rewrite this
equation as

d2�(y,k)

dy2
+

6(1 + w)

1 + 3w

1

y

d�(y,k)

dy
+ �(y,k) = 0 . (A2)

A general solution is given by,

�(y,k) = y
�� [C1(k)J�(y) + C2(k)Y�(y)] , (A3)

where J� and Y� are spherical Bessel functions of the first
and second kind, respectively, of order �

� =
3(1 + w)

1 + 3w
� 1 . (A4)

In the radiation dominated era, in which w = 1/3 !
� = 1, we have

�(y,k) =
1

y2


C1(k)

✓
sin y

y
� cos y

◆
+

C2(k)

✓
cos y

y
+ sin y

◆�
. (A5)

We can deduce the initial conditions of this solution by
considering the early-time limit k⌧ ⌧ 1,

sin y

y
� cos y ' y

2

3
and

cos y

y
+ sin y ' 1

y
. (A6)
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Assuming the scalar behave similar to curvaton.  
Becoming important before decay.
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Comparing scenarios

Scenarios after reheating. 
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Figure 6. On the left panel, we can compare a few more complicated scenarios. MD-RD with di↵erent

transition time. RD-DS-RD. On the right panel, we plot the conformal horizon as a function of conformal

time in this scenario.

at the end of the inflation of the universe is converted into the form of non-relativistic matter first.
Then, the total energy density decays as a

�3. And then, after reheating, this amount of energy is
converted into the form of radiation. Therefore, compared to the immediate RD scenario, the redshift
of the total energy density of the universe is less severe. As the result, the relative strength of the GW
signal ⌦GW becomes smaller.

3.3.4 RD-t
p̃
-RD transition in post-inflationary evolution

The post inflationary evolution of the universe can be more complicated. For example, during the
radiation domination era, if the particle content contains a long lived particle (with lifetime much
longer than Hubble scale at the temperature roughly equal to the mass of this particle), the universe
will undergo a temporary matter domination era between two radiation domination era. During the
cooling, the universe may also undergo a second order phase transition. As a result, the universe may
dominated by topological defects, such as cosmic strings or domain walls. Both of these cases can be
generically described by a RD-tp̃-RD scenario. For example, p̃ = 2/3 describes the existence of a heavy
long lived particle and p̃ = 1 describes the case of long lived cosmic string domination. The values of
p̃ for di↵erent models is shown in Table 1. Therefore, In this subsection, we discuss the case where
the post inflationary scenario is composed of three periods, the radiation domination, followed by a
t
p̃ evolution, and then back to radiation domination. [Maybe we cite Anson’s paper somewhere else.]

Here we consider the phase transition happening during inflation and discuss the gravitational wave
signals with this type of generalized post inflationary stage. Here we summarize the result, the details
of the derivation can be found in Appendix A.2.2. The conformal time ⌧R1 , ⌧R2 denotes the starting
and ending conformal time of the intermediate t

p̃ stage and we define a new parameter !̃ = p̃/(1 � p̃)
for simplicity.

The GW modes may reenter horizon either during the second radiation domination, (see for
example the left panel of Figure 7), the first radiation domination (see for example the right panel of
Figure 7), or the period where modes reenter horizon at the epoch which is dominated by matter with
general equation of state.

In the left panel of Figure 8, we show the case where the gravitational wave signal with character-
istic size 1/|⌧⇤| re-enters horizon at the second radiation dominated epoch (see the red lines in the left
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Conclusions

GW will be a great tool in probing early universe, 
especially for epochs “invisible” through other 
means. 


Long term prospect. Probably the only way to 
get these information.


Discovery and study its shape very informative.


